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Abstract
The nonsingular Hermitian surface of degree
√
q + 1 is characterized by
its number of Fq-points among the surfaces over Fq of degree
√
q + 1 in the
projective 3-space without Fq-plane components.
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1 Introduction
Hermitian varieties are known as ones having particular properties over finite fields.
Throughout this paper, except Section 3, q is an even power of a prime number p.
A Hermitian variety over Fq is a hypersurface in P
n defined by
(X
√
q
0 , . . . ,X
√
q
n )A
t(X0, . . . ,Xn) = 0, (1)
where A is a square matrix of order n+1 whose entries are in Fq with the property
tA = A(
√
q); here A(
√
q) means taking entry-wise the
√
q-th power, and tA is the
transposed matrix of A. We refer this kind of polynomial as a Hermitian polynomial
over Fq. For a homogeneous polynomial F of degree
√
q + 1 whose coefficients are
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in Fq, the hypersurface given by F = 0 is Hermitian if and only if there is an
element ρ ∈ F∗q such that ρF is a Hermitian polynomial. The family of Hermitian
polynomials over Fq forms an F√q vector space. It is obvious that the Hermitian
polynomial (1) defines a nonsingular Hermitian variety if and only if detA 6= 0. By
the standard argument, a nonsingular Hermitian variety is projectively equivalent
to the variety
Hn−1 : X
√
q+1
0 +X
√
q+1
1 + · · ·+X
√
q+1
n = 0 (2)
over Fq.
The number Nq(Hn−1) of Fq-points of Hn−1 is
Nq(Hn−1) = (
√
qn+1 + (−1)n)(√qn + (−1)n−1)/(q − 1), (3)
which is due to [1].
This number is remarkable in the following sense. The Weil conjecture [15]
established by Deligne [2] implies that the number N of Fq-points of a nonsingular
hypersurface of degree d in Pn defined over Fq is bounded by
N ≤ q
n − 1
q − 1 +
d− 1
d
((d− 1)n − (−1)n)√qn−1. (4)
Furthermore, if equality holds in (4) for a certain nonsingular hypersurface of degree
d, then d ≤ √q + 1.
As for this additional claim, see [12, Corollary 2.2] or [8, Corollary 4.3]. The
number Nq(Hn−1) achieves the equality in (4) for d =
√
q + 1.
There is a characterization of the Hermitian curve among the family of plane
curves over Fq of degree
√
q+1 without Fq-line components [3]. Note that Nq(H1) =√
q3 + 1.
Theorem 1.1 (Hirschfeld-Storme-Thas-Voloch) Suppose that q 6= 4. Let C be
a plane curve over Fq of degree
√
q+1 without Fq-line components. If C has
√
q3+1
points over Fq, then C is a Hermitian curve.
The purpose of this paper is to show a similar fact for surfaces in P3.
Theorem 1.2 Let S be a surface in P3 defined over Fq without Fq-plane compo-
nents. If the degree of S is
√
q + 1 and Nq(S) = (
√
q3 + 1)(q + 1), then S is a
nonsingular Hermitian surface over Fq.
After Hirschfeld-Storme-Thas-Voloch’s characterization of the Hermitian curve
established, Ru¨ck-Stichtenoth gave another characterization of the Hermitian curve
among the family of nonsingular curves defined over Fq of genus
√
q(
√
q−1)
2 [10]. A
connection of those two characterization will be mentioned in Appendix.
Notation • When X is an algebraic set in Pn defined by equations over Fq,
the set of Fq-points in X is denoted by X(Fq), and the cardinality of X(Fq)
by Nq(X).
2
• When coordinates X0, . . . ,Xn of Pn are given, for a homogeneous polynomial
h in those variables, {h = 0} means the hypersurface defined by h = 0.
• Let D and E are curves in P2 without common components. For a point
Q ∈ D ∩ E, i(D.E;Q) denotes the local intersection multiplicity of D and E
at Q, and (D.E) =
∑
Q∈D∩E i(D.E;Q).
• For a plane curve C ⊂ P2 and a nonsingular point P ∈ C, TP (C) denotes the
embedded tangent line to C at P .
• The multiplicative set Fq \ {0} is denoted by F∗q.
• For a finite set Y , #Y denotes the number of elements of Y .
2 Plane curves
For a plane curve C over Fq, we proved a simple bound for Nq(C) in a series of
papers [5, 6, 7], which had been originally conjectured by Sziklai [13].
Theorem 2.1 (Sziklai bound) Let d be an integer with 2 ≤ d ≤ q + 2, and C a
curve of degree d in P2 defined over Fq without Fq-linear components. Then
Nq(C) ≤ (d− 1)q + 1 (5)
except for curves over F4 which are projectively equivalent to the curve defined by
K : (X0 +X1 +X2)
4 + (X0X1 +X1X2 +X2X0)
2 +X0X1X2(X0 +X1 +X2) = 0.
For the exceptional curve K above, N4(K) = 14.
The number Nq(H1) attains the equality of the Sziklai bound too.
This bound implies a sufficient condition on a plane curve over Fq to be absolutely
irreducible.
Corollary 2.2 Let C be a curve over Fq of degree d in P
2 without Fq-linear com-
ponents. If Nq(C) ≥ (d− 2)q + 3, then C is absolutely irreducible.
Proof. First note that the range of d is 2 ≤ d ≤ q + 2 by assumptions.
(Step 1) Suppose C is decomposed into two curves C1 and C2 over Fq. For each
i = 1, 2, let di be the degree of Ci. If either “q 6= 4” or “q = 4 and none of the Ci’s
is projectively equivalent to K,” then
Nq(C) ≤ Nq(C1) +Nq(C2) ≤ ((d1 − 1)q + 1) + ((d2 − 1)q + 1) ≤ (d− 2)q + 2.
We consider the exceptional case, namely “q = 4 and one of the Ci’s is projec-
tively equivalent to K oner F4.” Applying an F4-linear transformation if necessary,
we may assume that C1 = K. Then d = 6 and d2 = 2, because 2 ≤ d ≤ 6 and C
3
has no F4-linear components. Since C2 is F4-irreducible of degree 2, N4(C2) = 5
or 1. When N4(C2) = 1, N4(C) ≤ 14 + 1 < (6 − 2)4 + 3. If C2 is an absolutely
irreducible conic, then #(C2 ∩ P2(F2)) ≤ 4, because the maximum length of F2-arc
is 4. Since K(F4) = P
2(F4) \ P2(F2) (see [5, §3]), #(K(F4) ∩ C2(F4)) ≥ 1. Hence
Nq(C) ≤ 14 + 5− 1 = (6− 2)4 + 2.
Therefore C is irreducible over Fq.
(Step 2) Suppose that the Fq-irreducible curve C is not absolutely irreducible.
Let D be an irreducible component of C. Then D is defined over an extension Fqt
of Fq with t ≥ 2, and C = D ∪ D(q) ∪ · · · ∪ D(qt−1), where D(q), . . . ,D(qt−1) are
conjugates of D over Fq. Hence C(Fq) ⊂ D∩D(q) and degD = degD(q) ≤ d2 . Hence
Nq(C) ≤
(
d
2
)2
. Since 2 ≤ d ≤ q + 2, we have (d2)2 < (d − 2)q + 3. Indeed, consider
the quadratic P (d) =
(
d
2
)2 − (d− 2)q − 3. Then P (2) < 0 and P (q + 2) < 0, which
implies P (d) < 0 for any d with 2 ≤ d ≤ q + 2.
Therefore the curve C is absolutely irreducible too. ✷
An important step of the proof of Theorem 1.2 is to study plane sections of S
and to apply the Hirschfeld-Storme-Thas-Voloch theorem to some of them, but the
exception in the assertion of this theorem harms this step for q = 4. So we take a
detour in this case.
Lemma 2.3 Let C be a plane curve of degree 3 over F4 without F4-linear compo-
nents. Suppose N4(C) = 9. Then C is absolutely irreducible and all F4-points are
nonsingular. In addition, suppose that all F4-points are flexes, i.e., i(Tp(C).C;P ) =
3 for any P ∈ C(F4). Then C is a Hermitian curve.
Proof. From (2.2), C is absolutely irreducible. Let P ∈ C(F4). Assume that P is a
singular point. Then for any F4-line passing through P ,
#(l(F4)∩C \ {P}) ≤ 1 be-
cause (l.C) = 3 and i(l.C;P ) ≥ 2. Hence N4(C) ≤ 6 because C(F4) = ∪l∈Pˇ (l(F4) ∩
C), which contradicts to the assumption N4(C) = 9. Hence all F4-points are non-
singular.
Next we show the additional statement. Since degC = 3 and i(Tp(C).C;P ) = 3
for any P ∈ C(F4), a line joining two F4-points of C meets with C at the third
F4-point. Hence the 9 F4-points C(F4) can be divided three triples
{P01, P02, P03} {P11, P12, P13} {P21, P22, P23}
such that three points of each triple are collinear. Let li be the line on which
Pi1, Pi2 and Pi3 lie, and li(F4) = {Pi1, Pi2, Pi3, Qi, Ri}. Assume that l0, l1 and l2 are
concurrent. We may assume that Q0 = Q1 = Q2. Hence TP0µ ∩ l1 must be R1 for
any µ = 1, 2, 3, and also TP2ν ∩ l1 = R1 for any ν = 1, 2, 3 because Piα (i, α = 1, 2, 3)
are flexes. But, since the number of F4-lines passing through R1 is 5 and TPiµ 6= TPjν
for any pair (Piµ, Pjν), it is impossible.
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Therefore {l0, l1, l2} forms a frame of P2, that is, we may assume that li = {Xi =
0}, where X0,X1,X2 are coordinates of P2. Let C = {F (X0,X1,X2) = 0}. Since
F (X0,X1, 0) = c2(X
3
0 +X
3
1 ) (c2 ∈ F∗4)
F (X0, 0,X2) = c1(X
3
0 +X
3
2 ) (c1 ∈ F∗4)
F (0,X1,X2) = c0(X
3
1 +X
3
2 ) (c0 ∈ F∗4),
we have F (X0,X1,X2) = c(X
3
0 +X
3
1 +X
3
2 ) + γX0X1X2 with c ∈ F∗4 and γ ∈ F4. If
γ 6= 0, then (1, 1, c
γ
) is also an F4-point of C, which is not any of the Pi,α’s. This is
a contradiction. Hence γ = 0, that is, C is Hermitian. ✷
We close this section with a remark on plane curves that are used in the proof
of the main theorem.
Lemma 2.4 (Segre) Let d be an integer with 1 ≤ d ≤ q + 1, and C be a curve
of degree d in P2 defined over Fq, which may have Fq-linear components. Then
Nq(C) ≤ dq + 1, and equality holds if and only if C is a pencil of d Fq-lines.
Proof. See Segre [11, II, §6 Observation IV ] or Homma-Kim [5, Remark 1.2]. ✷
3 An elementary bound
In this section, q is simply a power of p, that is, it need not be an even power of p.
In [8], we established an upper bound for Nq(X) of a hypersurface X over Fq
without Fq-linear components, particularly a surface in P
3 without Fq-plane compo-
nents.
Theorem 3.1 Let S be a surface of degree d in P3 defined over Fq without Fq-plane
components. Then
Nq(S) ≤ (d− 1)q2 + dq + 1. (6)
We refer the bound (6) as the elementary bound. When d =
√
q + 1, the Weil-
Deligne bound (4) for n = 3 agrees with the elementary bound. In this section, we
investigate the geometry of a surface in P3 whose number of Fq-points achieves the
bound (6). There are at least two examples other than the Hermitian surface each
of which attains the equality in (6) 1.
From now on, we keep the following setup until the end of this section.
Setup 3.2 Let d be an integer with 2 ≤ d ≤ q + 1. Let S be a surface of degree d
in P3 defined over Fq without Fq-plane components. Furthermore we suppose that
Nq(S) achieves the equality in (6).
1 After wrote up the first draft of this paper, we proved that these two examples together with
the Hermitian surface are only examples having this property [9], in which we referred this paper.
Recently, Tironi [14] has settled the classification of hypersurfaces in Pn that achieve the elementary
bound stated in [8].
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Lemma 3.3 The surface S contains an Fq-line.
Proof. Suppose S does not contain any Fq-lines. Let H be any Fq-plane in P
3.
Then S ∩H is a plane curve of degree d over Fq in H = P2, and has no Fq-line as a
component. Hence
Nq(S ∩H) ≤
{
(d− 1)q + 1 if (d, q) 6= (4, 4)
14 if (d, q) = (4, 4)
(7)
by Lemma 2.1. In a term of [4], defining the s-degree δ of S(Fq) by
δ = max{Nq(S ∩H) | H is an Fq-plane},
we have
Nq(S) ≤ (δ − 1)q + 1 +
⌊
δ − 1
q + 1
⌋
by [4, Proposition 2.2]. Hence if (d, q) 6= (4, 4), then
Nq(S) ≤ (d− 1)q2 + 1 +
⌊
(d− 1)q
q + 1
⌋
= (d− 1)q2 + 1 +
⌊
(d− 2)(q + 1) + q + 2− d
q + 1
⌋
= (d− 1)(q2 + 1) ;
and if (d, q) = (4, 4), thenNq(S) ≤ 55. In either case, Nq(S) can’t be (d−1)q2+dq+1.
✷
Definition 3.4 Let l1, . . . , ld be Fq-lines in P
3 with d ≥ 2. The union of those d-
lines Z = ∪di=1li is called a planar Fq-pencil of degree d if those d-lines lie on a plane
simultaneously and l1 ∩ · · · ∩ ld 6= ∅. The Fq-point {vZ} = l1 ∩ · · · ∩ ld is called the
vertex of Z.
Notation 3.5 For an Fq-line l of P
3, the set of Fq-planes containing the line l is
denoted by lˇ(Fq).
Lemma 3.6 Let l be an Fq-line on the surface S.
(i) If an Fq-plane H contains l, then S ∩H is a planar Fq-pencil of degree d.
(ii) The map lˇ(Fq) ∋ H 7→ vS∩H ∈ l(Fq) is bijective.
Proof. (i) Since S has no Fq-plane components, S ∩H is a plane curve of degree d
in H, and Nq(S ∩H) ≤ dq+1 by Lemma 2.4. Counting the cardinality of S(Fq) by
the decomposition
S(Fq) = ∪H∈lˇ(Fq) ((S ∩H)(Fq) \ l(Fq))
⋃
l(Fq),
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we have
(d− 1)q2 + dq + 1 = Nq(S) ≤ (q + 1)(dq + 1− (q + 1)) + (q + 1)
= (d− 1)q2 + dq + 1.
Hence Nq(S ∩H) = dq +1. So S ∩H is a planar Fq-pencil of degree d by the latter
part of Lemma 2.4.
(ii) Let lˇ(Fq) = {H1,H2, . . . ,Hq+1}. Since S ∩Hi is a planar Fq-pencil and has
the line l as a component, we may set notations as
S ∩Hi = l ∪ li,1 ∪ · · · ∪ li,d−1
and
vi = vS∩Hi .
It is obvious that vi ∈ l(Fq). Since lˇ(Fq) and l(Fq) have the same cardinality, it is
enough to show that the map lˇ(Fq) ∋ Hi 7→ vi ∈ l(Fq) is surjective.
Contrary, suppose this map is not surjective. Pick a pointQ ∈ l(Fq)\{v1, . . . , vq+1},
and choose an Fq-plane K such that K ∋ Q and K 6⊃ l. Then we face two conse-
quences:
(α) S ∩K does not contain any Fq-line;
(β) Nq(S ∩K) ≥ (d− 1)q + d,
as we verify them below. Since S ∩K is a plane curve of degree d in K, those two
conditions are incompatible each other by Lemma 2.1.
The verification of (α). If S ∩K contains an Fq-line, then it must be a planar
Fq-pencil by (i). Since Q is a point of S, there is an Fq-line m passing through Q
among d lines of S ∩K. Hence l and m spans an Fq-plane which is one of the Hi’s,
say Hi. Then vi ∈ l ∩m = {Q}, which contradicts to the choice of Q.
The verification of (β). Let Qi,j be the intersection point of li,j with K. Then
the plane containing l and Qi,j is Hi and the line containing vi and Qi,j is li,j. Hence
Qi,j = Qi′,j′ implies (i, j) = (i
′, j′). Since
(S ∩K)(Fq) ⊃ {Qi,j | 1 ≤ i ≤ q + 1, 1 ≤ j ≤ d− 1} ∪ {Q},
we have Nq(S ∩K) ≥ (d− 1)(q + 1) + 1. ✷
Lemma 3.7 Let H be an Fq-plane such that S ∩H is a planar Fq-pencil of degree
d. If an Fq-line l ⊂ S passes through vS∩H , then l is a component of S ∩H.
Proof. Since d ≥ 2, there are two distinct components l1 and l2 of S ∩H. Suppose
that l is not contained in H. Then l and li span an Fq-plane, say Hi. Hence S ∩Hi
is also a planar Fq-pencil of degree d by Lemma 3.6 (i). By the construction of H1
and H2,
vS∩H1 = l ∩ l1 = vS∩H = l ∩ l2 = vS∩H2 ,
which contradicts (ii) of Lemma 3.6. Hence l is contained in H, and hence it is a
component of S ∩H. ✷
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Corollary 3.8 For any Fq-point P of S, there is a unique Fq-plane H such that
S ∩H is a planar Fq-pencil of degree d with vS∩H = P .
Proof. From Lemma 3.3 and Lemma 3.6 (i), there is a line l on S containing P .
Indeed the existence of an Fq-line l
′ on S is guaranteed by Lemma 3.3; if the point
P in question lies on l′, there is nothing to do; when P 6∈ l′, consider the Fq-plane
H ′ containing l′ and P , then S ∩H ′ is a planar Fq-pencil by Lemma 3.6 (i), which
contains P ; hence there is a line l on S containing P . Hence, by (ii) of Lemma 3.6
there is a desired Fq-plane, and such a plane is uniquely determined by P . ✷
4 A characterization of Hermitian surfaces
In this section, q is assumed to be an even power of a prime number p again, and
S is a surface in P3 of degree
√
q + 1 defined over Fq without Fq-plane components
such that Nq(S) = (
√
q3 + 1)(q + 1). Note that this number Nq(S) achieves both
the Weil-Deligne bound (4) for n = 3 and the elementary bound (6).
Proposition 4.1 With the above situation, let H be an Fq-plane of P
3. Then either
(1) S ∩H is a planar Fq-pencil of degree √q + 1, or
(2) S ∩H is a nonsingular Hermitian curve of degree √q + 1 over Fq.
Furthermore, let ν1 denote the number of Fq-planes having the property (1) above,
and ν2 the property (2). Then{
ν1 = Nq(S) = (
√
q3 + 1)(q + 1)
ν2 =
√
q3(q + 1)(
√
q − 1).
Proof. Let Pˇ3(Fq) denote the set of Fq-planes of P
3, and P1 the set of Fq-planes
having the property (1). The map P1 ∋ H 7→ vS∩H ∈ S(Fq) is bijective by Corol-
lary 3.8. Hence ν1 = Nq(S). Let P2 = Pˇ3(Fq) \P1. Note that if H ∈ P2, then S ∩H
has no Fq-liner components by Lemma 3.6 (i). Consider the correspondence
A = {(P,H) | P ∈ H} ⊂ S(Fq)× Pˇ3(Fq)
with two projections pi1 : A → S(Fq) and pi2 : A → Pˇ3(Fq). Counting the cardinality
of A by pi1, we have
#A = Nq(S) · (q2 + q + 1).
If H ∈ P1, then #pi−12 (H) = Nq(S ∩ H) =
√
q3 + q + 1, and if H ∈ P2, then
#pi−12 (H) = Nq(S ∩H) ≤
√
q3+1 by (2.1). Hence, counting the cardinality of A by
pi2, we have
#A ≤ Nq(S) · (√q3 + q + 1) +
(
q4 − 1
q − 1 −Nq(S)
)
(
√
q3 + 1)
= Nq(S) · (q2 + q + 1).
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Therefore, if H ∈ P2, then Nq(S ∩H) = √q3+1. Furthermore, when H ∈ P2, since
S ∩H has no Fq-line as a component, S ∩ H is a nonsingular Hermitian curve by
(1.1) if q 6= 4.
We need a little more argument if q = 4. We want to apply Lemma 2.3. If an
F4-point is not a flex of S ∩ H, i.e., i(TP (S ∩ H).S ∩ H;P ) = 2, then TP (S ∩ H)
meets with S ∩ H at exactly two F4-points, because degS ∩ H = 3. Consider all
F4-planes {Hλ} in P3 such that Hλ ⊃ TP (S ∩ Hλ). Let a = #{λ | Hλ ∈ P1}.
Then #{λ | Hλ ∈ P2} = 5 − a. Since N4(S ∩ Hλ) is either 13 or 9, we have
45 = (13− 2)a+(9− 2)(5− a)+ 2. Hence there is an F4-plane Hλ such that S ∩Hλ
is a planar F4-pencil of degree 3, and the line TP (S ∩ H) lies on Hλ. But it is
impossible, because any F4-line on Hλ meets with the planar pencil at either 1, or
3, or 5 points. ✷
Last Step of the Proof of Theorem 1.2. From Proposition 4.1, there is an Fq-plane
H∞ ⊂ P3 such that S ∩H∞ is a nonsingular Hermitian curve. Choose a system of
homogeneous coordinates X0,X1,X2,X3 of P
3 such that
(i) H∞ is given by X0 = 0; and
(ii) the plane curve S ∩H∞ in H∞ = P2 is given by
X¯1X¯
√
q
2 + X¯
√
q
1 X¯2 + X¯
√
q+1
3 = 0,
where X¯1, X¯2, X¯3 are coordinates on H∞ induced by X1,X2,X3 respectively.
Let P1 = (0, 0, 1, 0) and P2 = (0, 1, 0, 0), both of which are points on S ∩ H∞.
For α = 1, 2, the tangent line Lα at Pα to S ∩H∞ in H∞ = P2 is given by X¯α = 0.
It is easy to see that S ∩ Lα = {Pα}. Hence for an Fq-plane H ⊃ Lα,
# (S(Fq) ∩ (H \ Lα)) =
{ √
q3 + 1− 1 if S ∩H is Hermitian√
q3 + q + 1− 1 if S ∩H is an Fq-pencil.
Counting the number Nq(S)− 1 by using all Fq-planes containing Lα, we know that
there is a unique plane Hα,0 ⊃ Lα such that S ∩Hα,0 is a planar Fq-pencil of degree√
q + 1; and S ∩Hα,λ is a nonsingular Hermitian curve for other plane Hα,λ ⊃ Lα.
By changing coordinates of type{
X1 7→ X1 + aX0
X2 7→ X2 + bX0
if necessary, we may suppose that Hα,0 is defined by Xα = 0 for α = 1 and 2
respectively. But the situation on H∞ never change.
Summing up, S is defined by
F (X0, . . . ,X3) = X0f(X0, . . . ,X3) + h(X1,X2,X3) = 0
where
h(X1,X2,X3) = X1X
√
q
2 +X
√
q
1 X2 +X
√
q+1
3
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and deg f =
√
q.
Since S ∩ H1,0 = S ∩ {X1 = 0} is a planar Fq-pencil with the vertex P1 =
(0, 0, 1, 0),
F (X0, 0,X2,X3) = X0f(X0, 0,X2,X3) +X
√
q+1
3
does not contain X2, because this polynomial must have the form c
∏
j(X0+ γjX3),
with c ∈ F∗q. Hence, in F (X0,X1,X2,X3), any monomial containing X2 also contains
X1. By the same argument on S ∩H2,0 = S ∩ {X2 = 0}, any monomial containing
X1 also contains X2. Therefore f(X0,X1,X2,X3) is written as
f(X0,X1,X2,X3) = g1(X0,X3) + g2(X0, . . . ,X3)X1X2,
where deg g1 =
√
q and deg g2 =
√
q − 2.
For the plane H1,λ = {X0 = λX1} (λ ∈ F∗q), since S∩{X0 = λX1} is a Hermitian
curve,
ρF (λX1,X1,X2,X3) =
ρ (λX1(g1(λX1,X3) + g2(λX1,X1,X2,X3)X1X2) + h(X1,X2,X3)) (8)
is a Hermitian polynomial for some ρ ∈ F∗q. SinceX
√
q+1
3 appears only in h(X1,X2,X3),
the constant ρ must be an element of F∗√q. Hence (8) is a Hermitian polynomial
even if ρ = 1. Since h itself Hermitian,
λg1(λX1,X3)X1 + λg2(λX1,X1,X2,X3)X
2
1X2
must be Hermitian.
Any monomial in g2(λX1,X1,X2,X3)X
2
1X2 never appear in g1(λX1,X3)X1. So
g2(λX1,X1,X2,X3))X
2
1X2 contains the monomials only of types X
√
q+1
i or X
√
q
i Xj .
Hence
g2(λX1,X1,X2,X3)X
2
1X2 = µX
√
q
1 X2 (µ ∈ Fq).
But the monomial X1X
√
q+1
2 can’t appear in
g1(λX1,X3)X1 + g2(λX1,X1,X2,X3)X
2
1X2.
Hence g2(λX1,X1,X2,X3) = 0, that is, X0 − λX1 is a factor of g2(X0,X1,X2,X3)
for any λ ∈ F∗q. But deg g2 =
√
q − 2 (< q − 1), it is impossible. Therefore
g2(X0,X1,X2,X3) = 0 and λg1(λX1,X3)X1 is Hermitian.
Let
g1(X0,X3) =
√
q∑
i=0
aiX
i
0X
√
q−i
3 .
Then
λg1(λX1,X3)X1 =
√
q∑
i=0
aiλ
i+1Xi+11 X
√
q−i
3 ,
10
which is Hermitian. Hence ai = 0 for i 6= 0, √q − 1, √q; and also a
√
q
0 = a
√
q−1 and
a√q ∈ F√q, that is,
g1(X0,X3) = a0X
√
q
3 + a
√
q
0 X
√
q−1
0 X3 + a
√
qX
√
q
0 with a
√
q ∈ F√q.
Hence
F (X0, . . . ,X3) = a0X0X
√
q
3 + a
√
q
0 X
√
q
0 X3 + a
√
qX
√
q+1
0 + h(X1,X2,X3),
which is Hermitian. If a√q = 0, then the surface is a cone of a nonsingular Hermitian
curve with vertex (1, 0, 0, 0), and then Nq(S) = (
√
q3 + 1)q + 1, which is not the
given number. So a√q ∈ F∗√q, and hence S is a nonsingular Hermitian surface. ✷
Appendix
In this appendix, we consider a possibility of generalizing Ru¨ck-Stichtenoth’s
characterization of the Hermitian curve to the Hermitian surface.
Theorem A.1 (Ru¨ck-Stichtenoth) Let C be a nonsingular curve of genus g =
1
2
√
q(
√
q − 1) defined over Fq. If Nq(C) = √q3 + 1, then the function field Fq(C) of
C coincides with that of the Hermitian curve over Fq.
Remark A.2 If one considers only nonsingular plane curves, Ru¨ck-Stichtenoth’s
characterization implies Hirschfeld et al.’s, because the linear system g2√q+1 is unique
if g = 12
√
q(
√
q− 1) > 1. When q = 4, the genus in question is 1. As was mentioned
in [3], the plane curve {X0 + ωX1 + ω2X2 = 0} over F4 is not Hermitian, but has 9
F4-points, where F4 = {0, 1, ω, ω2}. However the function field of this curve over F4
coincides with that of the Hermitian curve over F4.
As has been remarked above, the Ru¨ck-Stichtenoth theorem gives a characteri-
zation of the Hermitian curve in wider family than the plane curves if one considers
only nonsingular curves, namely among the family of nonsingular curves with the
same “topological” invariant as the Hermitian curve. Since the number
√
q3 + 1
achieves the Weil bound for g = 12
√
q(
√
q − 1), the zeta function of the nonsingular
curve C in (A.1) is
(1+
√
qt)2g
(1−t)(1−qt) . So Theorem A.1 can be interpreted as:
Theorem A.3 (Ru¨ck-Stichtenoth) Let C be a nonsingular curve of genus g =
1
2
√
q(
√
q − 1) > 1 defined over Fq whose zeta function is (1+
√
qt)2g
(1−t)(1−qt) . Then C is the
Hermitian curve.
On the other hand, the number of Fq-points of the Hermitian surface attains the
Weil-Deligne bound, and its zeta function is:
1
(1− t)(1− qt)b2(1− q2t) (b2 = q
√
q − q +√q + 1). (9)
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It is natural to ask whether a nonsingular surface over Fq with the zeta function
(9) is Hermitian or not. The example below shows the answer of this question is
negative.
From now on, when X is a nonsingular surface over Fq, ZX(t) denotes the zeta
function of X.
Lemma A.4 Let X˜ be a blowing-up of a nonsingular surface X over Fq with center
an Fq-point of X. Then ZX˜(t) = ZX(t)
1
(1−qt) .
Proof. Let Nm(X) and Nm(X˜) denote the number of Fqm-points of X and X˜ re-
spectively. Then Nm(X˜) = Nm(X) + q
m. Hence
ZX˜(t) = exp
( ∞∑
m=1
(Nm(X) + q
m)
tm
m
)
= exp
( ∞∑
m=1
Nm(X)
tm
m
)
exp
( ∞∑
m=1
qm
tm
m
)
= ZX(t)
1
(1− qt) .
Example A.5 Let X1 = P
2 over Fq. It is obvious that ZX1(t) =
1
(1−t)(1−qt)(1−q2t) .
Define a nonsingular surface Xn over Fq by a blowing-up of Xn−1 with center an Fq-
point, successively. Then the zeta function of Xb2 is the same as Hermitian surface’s.
However, if
√
q+1 ≥ 4, the Hermitian surface of degree √q+1 is not rational. So, if
q > 22, then the function field of Xb2 does not coincides with that of the Hermitian
surface over Fq.
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